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INTERIORS OF CONTINUOUS IMAGES OF THE
MIDDLE-THIRD CANTOR SET
KAN JIANG AND LIFENG XI
Abstract. Let C be the middle-third Cantor set, and f a continuous function
defined on an open set U ⊂ R2. Denote the image
fU (C,C) = {f(x, y) : (x, y) ∈ (C × C) ∩ U}.
If ∂xf , ∂yf are continuous on U, and there is a point (x0, y0) ∈ (C × C) ∩ U
such that
1 <
∣
∣
∣
∣
∣
∂xf |(x0,y0)
∂yf |(x0,y0)
∣
∣
∣
∣
∣
< 3 or 1 <
∣
∣
∣
∣
∣
∂yf |(x0,y0)
∂xf |(x0,y0)
∣
∣
∣
∣
∣
< 3,
then fU (C,C) has a non-empty interior. As a consequence, if
f(x, y) = xαyβ(αβ 6= 0), xα ± yα(α 6= 0) or sin(x) cos(y),
then fU (C,C) contains a non-empty interior.
1. Introduction
The middle-third Cantor set, denoted by C, is an elegant set in set theory.
Usually, it is used to construct some counterexamples in analysis. However, there
are still many open problems for this set. For instance, the multiplication on the
Cantor sets [2, 17], the sections of the products of the Cantor sets [6], and so forth.
One of the main motivations of this paper is due to a result of Hochman and
Shmerkin [10]: Let K1 and K2 be two self-similar sets with IFS’s {fi(x) = rix +
ai}ni=1 and {gj(x) = r
′
jx + bj}
m
j=1 respectively, if there are some ri, r
′
j such that
log |ri|/ log |r′j | /∈ Q, then
dimH(K1 +K2) = min{dimH(K1) + dimH(K2), 1},
where K1 +K2 = {x + y : x ∈ K1, y ∈ K2}. The condition in the above result is
called the irrational condition. In [17], Shmerkin stated
dimH(K1 ·K2) = min{dimH(K1) + dimH(K2), 1},
where K1 ·K2 = {xy : x ∈ K1, y ∈ K2}. It is natural to consider that without the
irrational condition, how large K1 · K2 is in the sense of Hausdorff dimension or
Lebesgue measure.
Let f be a continuous function defined on an open set U ⊂ R2. Denote the
image
fU (C,C) = {f(x, y) : (x, y) ∈ (C × C) ∩ U}.
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For convenience, we write f(C,C) = fR2(C,C). Steinhaus [18] proved that if
f(x, y) = x − y, then f(C,C) = [−1, 1]. As a result, C + C = [0, 2] since C is
symmetric at 1/2, i.e. C = 1 − C. In [2], Athreya, Reznick and Tyson considered
the multiplication on C, and proved that
17/21 ≤ L(C · C) ≤ 8/9,
where L denotes the Lebesgue measure and C · C = {xy : x, y ∈ C}. One can find
more results in [7, 15, 19, 13, 12] for the arithmetic representations of real numbers.
Motivated by Athreya, Reznick and Tyson’s result, it is natural to ask whether
C ·C contains a non-empty interior. To the best of our knowledge, we, up to now,
cannot find an answer to this kind of question for two general self-similar sets.
In fact, whether a fractal set contains a non-empty interior is a crucial problem in
fractal geometry and dynamical systems. This is the second reason why we analyze
the existence of the interior. Schief [16], Bandt and Graf [3] showed the relation
among the open set condition, positive Hausdorff measure and non-empty interior.
Dajani et al. [4], Hare and Sidorov [9, 8] found that the existence of the non-empty
interior of a class of self-affine sets is equivalent to the existence of the simultaneous
expansions. In dynamical system there is a celebrated conjecture posed by Palis [14],
i.e. whether it is true (at least generically) that the arithmetic sum of dynamically
defined Cantor sets either has measure zero or contains a non-empty interior. This
conjecture was solved in [5]. However, for the general self-similar sets this conjecture
is still open.
In this paper, we prove the following result.
Theorem 1. If ∂xf , ∂yf are continuous on U, and there is a point (x0, y0) ∈
(C × C) ∩ U such that
1 <
∣∣∣∣∂xf |(x0,y0)∂yf |(x0,y0)
∣∣∣∣ < 3 or 1 <
∣∣∣∣∂yf |(x0,y0)∂xf |(x0,y0)
∣∣∣∣ < 3.
Then fU (C,C) contains a non-empty interior.
Corollary 1. Let C be the middle-third Cantor set. If f(x, y) is one of the following
functions,
xαyβ(αβ 6= 0), xα ± yα(α 6= 0), x± y2, sin(x) cos(y),
then fU (C,C) contains a non-empty interior.
This paper is arranged as follows. In Section 2, we give a proof of Theorem 1.
In Section 3, we give some remarks.
2. Proof of Theorem 1
The middle-third Cantor set can be generated by an iterated function system,
i.e. C is the unique non-empty compact set satisfying the equation:
C = f1(C) ∪ f2(C),
where f1(x) =
x
3
, f2(x) =
x+ 2
3
, see [11]. Given J = [a, b], let
J˜ = [a, a+
b− a
3
] ∪ [b−
b− a
3
, b].
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Let H = [0, 1]. For any (i1, · · · , in) ∈ {1, 2}n, we call fi1,··· ,in(H) = (fi1 ◦ · · · ◦
fin)(H) a basic interval of rank n, which has length 3
−n. We say that I × J is
a basic square of C × C, if I and J are basic intervals of the same rank. Denote
by Hn the collection of all these basic intervals of rank n. Let J ∈ Hn, then
J˜ = ∪2i=1In+1,i, where In+1,i ∈ Hn+1 and In+1,i ⊂ J for i = 1, 2. Let [A,B] ⊂ [0, 1],
where A and B are the left and right endpoints of some basic intervals in Hk for
some k ≥ 1, respectively. A and B may not be in the same basic interval. Let
Fk be the collection of all the basic intervals in [A,B] with length 3
−k, k ≥ k0 for
some k0 ∈ N+, i.e. the union of all the elements of Fk is denoted by Gk = ∪
tk
i=1Ik,i,
where tk ∈ N+, Ik,i ∈ Hk and Ik,i ⊂ [A,B]. Clearly, by the definition of Gn, it
follows that Gn+1 ⊂ Gn for any n ≥ k0. Similarly, suppose that M and N are the
left and right endpoints of some basic intervals in Hk. Denote by G
′
k the union of
all the basic intervals with length 3−k in the interval [M,N ], i.e. G′k = ∪
t′k
j=1Jk,j ,
where t′k ∈ N
+, Jk,j ∈ Hk and Jk,j ⊂ [M,N ].
The following Lemma 1 comes from [2] and [19], here we give its proof just for
the self-containedness of the paper.
Lemma 1. Let F : U → R be a continuous function. Suppose A and B (M and
N) are the left and right endpoints of some basic intervals in Hk0 for some k0 ≥ 1
respectively such that [A,B] × [M,N ] ⊂ U. Then C ∩ [A,B] = ∩∞n=k0Gn, and
C ∩ [M,N ] = ∩∞n=k0G
′
n. Moreover, if for any n ≥ k0 and any two basic intervals
I ⊂ Gn, J ⊂ G′n such that
F (I, J) = F (I˜ , J˜),
then F (C ∩ [A,B], C ∩ [M,N ]) = F (Gk0 , G
′
k0
).
Remark 1. The lemma is also valid when we replace C ∩ [A,B] (or C ∩ [M,N ])
by (−C) ∩ [A,B] (or (−C) ∩ [M,N ]) due to the symmetry of C.
Proof. By the construction of Gn (G
′
n), i.e. Gn+1 ⊂ Gn (G
′
n+1 ⊂ G
′
n) for any
n ≥ k0, it follows that
C ∩ [A,B] = ∩∞n=k0Gn and C ∩ [M,N ] = ∩
∞
n=k0G
′
n.
The continuity of F yields that
F (C ∩ [A,B], C ∩ [M,N ]) = ∩∞n=k0F (Gn, G
′
n).
In terms of the relation Gn+1 = G˜n, G
′
n+1 = G˜
′
n and the condition in the lemma,
it follows that
F (Gn, G
′
n) = ∪1≤i≤tn ∪1≤j≤t′n F (In,i, Jn,j)
= ∪1≤i≤tn ∪1≤j≤t′n F (I˜n,i, J˜n,j)
= F (∪1≤i≤tn I˜n,i,∪1≤j≤t′n J˜n,j)
= F (Gn+1, G
′
n+1).
Therefore, F (C ∩ [A,B], C ∩ [M,N ]) = F (Gk0 , G
′
k0
). 
Proposition 1. Assume that f : U → R is a function such that ∂xf , ∂yf are
continuous on U. If there is a point (x0, y0) ∈ (C × C) ∩ U such that{
∂xf |(x0,y0), ∂yf |(x0,y0) > 0,
∂yf |(x0,y0) < ∂xf |(x0,y0) < 3∂yf |(x0,y0),
then fU (C,C) contains a non-empty interior.
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Proof. Let E be a basic square of C ×C containing (x0, y0) such that the diameter
of E is small enough. By Lemma 1, it suffices to show that for any basic square
I × J = [a1, a1 + 3t]× [a1, a1 + 3t] ⊂ E, we have
f(I˜, J˜) =
2⋃
i,j=1
f(Ii, Jj) = f(I, J),
where I˜ = I1∪I2 = [a1, a1+ t]∪ [a2, a2+ t] and J˜ = J1∪J2 = [b1, b1+ t]∪ [b2, b2+ t].
Figure 1.
Note that f is differentiable since ∂xf , ∂yf are continuous. Since t is small
enough, when (x, y)→ (x0, y0), by the above conditions we obtain that
H1(x, y) = f(x+ 3t, y + 3t)− f(x, y) = 3(∂xf + ∂yf)t+ o(t) > 0,
H2(x, y) = f(x+ t, y + t)− f(x, y) = (∂xf + ∂yf)t+ o(t) > 0,
H3(x, y) = f(x, y + 3t)− f(x+ t, y) = (3∂yf − ∂xf)t+ o(t) > 0,
H4(x, y) = f(x+ t, y)− f(x, y + t) = (∂xf − ∂yf)t+ o(t) > 0,
where o(t)/t→ 0 uniformly as t→ 0, i.e. o(t) is independent of the choice of (x, y)
as ∂xf and ∂yf are continuous. Using ∂xf, ∂yf > 0, H1(x, y) > 0 and H2(x, y) > 0
we have
f(I, J) = [f(a1, b1), f(a1 + 3t, b1 + 3t)],
f(Ii, Jj) = [f(ai, bj), f(ai + t, bj + t)] for all i, j,
and
f(I1, J1) ∩ f(I1, J2) 6= ∅ since f(a1 + t, b1 + t)− f(a1, b2) = H4(a1, b1 + t) > 0,
f(I1, J2) ∩ f(I2, J1) 6= ∅ since f(a1 + t, b2 + t)− f(a2, b1) = H3(a1 + t, b1) > 0,
f(I2, J1) ∩ f(I2, J2) 6= ∅ since f(a2 + t, b1 + t)− f(a2, b2) = H4(a2, b1 + t) > 0.
Therefore we obtain f(I˜ , J˜) = f(I, J). The proposition follows from Lemma 1. 
Proof of Theorem 1.
(1) Case 1: Suppose ∂xf |(x0,y0) > 0 and ∂yf |(x0,y0) > 0. If
∂xf |(x0,y0) < ∂yf |(x0,y0) < 3∂xf |(x0,y0),
we replace f(x, y) by g1(x, y) = f(y, x), then Theorem 1 follows from Proposition
1 in this case.
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(2) Case 2: Suppose ∂xf |(x0,y0) < 0 and ∂yf |(x0,y0) < 0. In this case, we can
replace f(x, y) by g2(x, y) = −f(x, y) or g3(x, y) = −f(y, x).
(3) Case 3: Suppose ∂xf |(x0,y0) < 0 and ∂yf |(x0,y0) > 0. In this case, we can
replace f(x, y) by g4(x, y) = f(−x, y), we obtain ∂xg4|(x0,y0) > 0 and ∂yg4|(x0,y0) >
0. By the symmetry of C and (−C), applying Lemma 1 to (−C) × C, Theorem 1
follows from Proposition 1.
(4) Case 4: Suppose ∂xf |(x0,y0) > 0 and ∂yf |(x0,y0) < 0. We can replace f(x, y)
by g5(x, y) = f(x,−y) in this case. 
Proof of Corollary 1. It suffices to check the conditions in Theorem 1.
(1) If f(x, y) = xαyβ with αβ 6= 0, using (xαyβ) = (xyβ/α)α, we only need to
deal with f(x, y) = xyγ . Using the symmetry, we may assume that |γ| ≥ 1. Now
we have
∂xf = y
γ and ∂yf = γxy
γ−1
with
∣∣∣∂xf∂yf
∣∣∣ = 1|γ| ∣∣ yx ∣∣ . If |γ| = 3k for some integer k ≥ 0, we take y = 1 and x =
(2/3) ·3−k, hence
∣∣∣∂xf∂yf
∣∣∣ = 3/2 ∈ (1, 3) in this case. Otherwise, if 3k < |γ| < 3k+1 for
some integer k ≥ 0, then we take y = 1 and x = 3−(k+1), then
∣∣∣∂xf∂yf
∣∣∣ ∈ (1, 3). Now,
fU (C,C) contains a non-empty interior for f(x, y) = x
αyβ with αβ 6= 0.
(2) If f(x, y) = xα ± yα with α 6= 0, then
|∂xf | = |α|x
α−1 and |∂yf | = |α|y
α−1
with
∣∣∣∂xf∂yf
∣∣∣ = ∣∣∣xα−1yα−1 ∣∣∣ . When α 6= 1, take x, y ∈ C such that y/x is close to 1
enough, then 1 <
∣∣∣∂xf∂yf
∣∣∣ < 3 or 1 < ∣∣∣∂yf∂xf
∣∣∣ < 3. When α = 1, the classical result
C + C = [0, 2] implies there is a non-empty interior in f(C,C) = C + C.
(3) If f(x, y) = x±y2, then ∂xf = 1, |∂yf | = 2y. Take x0 = 8/9, y0 = 1/3, which
implies 1 < |1/(2y0)| < 3.
(4) If f(x, y) = sin(x) cos(y), then
|∂xf | = | cosx cos y|, |∂yf | = | sinx sin y|.
We take (x0, y0) = (2/3, 2/3), we obtain that
| cos(2/3) cos(2/3)| = 0.6176 · · · , | sin(2/3) sin(2/3)| = 0.3823 · · · ,
and thus 1 <
∣∣∣ cos(2/3) cos(2/3)sin(2/3) sin(2/3) ∣∣∣ = 1.615 · · · < 3. 
3. Final remarks
Our idea can be implemented for some overlapping self-similar sets. Moreover,
in Theorem 1, for some functions, we can obtain that fU (C,C) contains infinitely
many closed intervals.
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